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The C.(T) model for calculating shock temperature in liquids is presented as an extension of the Walsh­
Christian model for metals. The model is based on an analysis showing shock temperature to be more 
sensitive to variations in C. than in (ap/aT)., and it takes account of the temperature dependence of 
C •. Measured shock temperatures for carbon tetrachloride are compared with calculated values as a test 
of the constant C. and C.( T) models. The constant C. model overestimates shock temperature and is 
inappropriate to polyatomic liquids. The agreement obtained with the C.(T) model suggests that it will 
be valuable for calculating more realistic values of temperature in shock initiation studies of liquids in the 
neighborhood of 100 kbar. 

INTRODUCTION 

Since pressure-volume- temperature (p- v- T) equa­
tions of state of liquids in the kilobar regime are not 
known, calculation of shock temperature is important 
in shock-initiation studies of liquid explosives. Use of the 
method developed by Walsh and Christianl for metals 
is limited, because it is based on thermodynamic 
assumptions that are inappropriate for polyatomic 
liquids. The assumptions of constant specific heat at 
constant volume C., with a value equal to the specific 
heat at constant pressure Cp , are adequate for describing 
metals, but inadequate for describing molecular liquids 
with internal degrees of vibrational freedom. For such 
liquids under normal conditions, C. is a function of 
temperature, and there is a significant difference2 

between the values of Cp and C •. Thus the object of the 
present work is to develop a more realistic model for 
calculating shock temperature in liquids. 

This paper attempts to take into account the differ­
ences between liquids and metals in formulating the 
C.( T) model for liquids from the Wah,h- Christian 
model for metals. The formulation is based on a varia­
tional analysis that shows that calculated shock tem­
perature is more sensitive to changes in C. than changes 
in (ap/ aT) . and also on the assumption that differences 
in the vibrational excitation of a molecule in the liquid 
and gaseous phase can be neglected. The C. and C.( T) 
models together with the Hugoniot curve define the 
p-v-T and internal energy- volume-temperature (e-v-T) 
equations of state in the volume range spanned by the 
Hugoniot. 

Shock temperatures for various liquids were cal­
culated using both the constant C. and the C.( T) 
models, and the values for carbon tetrachloride were 
compared with the brightness temperatures measured 
by Voskoboinikov and Bogomolov3 and Ramsay.4 

discussed by Cowperthwaite.5 Their method of cal­
culating shock temperature is to integrate the following 
differential equation along the Hugoniot curve, 

dT/ dv+T(ap/ ae) . = (2C . )- l[p+(VO-v) (dp/ dv)], (1) 

where e denotes specific energy and the subscript 0 
denotes unshocked material. Equation (1) is derived by 
combining the differential form of the (e-v-T) equation 
of state 

de= C.dT+[T(apJaT) . -p]dv (2) 

with the equation 

de= -ipdv+Hvo-v)dp, (3) 

obtained by differentiating the Hugoniot equation 

e- eo= ~ (p+ Po) (vo- v) 

and neglecting the initial pressure po with respect to the 
shock pressure p. 

With the assumptions of constant C. and constant 
(ap/ aT) . , Eq. (1) is integrated from an initial condition 
( To, vo) to give the following expression for shock 
temperature, 

T= To exp[b(vo-v)]+ exp( - bv/ 2C. ) 

X r [exp(bv)]F(v)dv, 
' 0 

(4) 

where for simplicity we set 

b= (iJp/ ae) .= (ap/ aT) ./C. 
and 

F(v) = p+ (vo-v) (dp/ dv). 

Thus calculation of shock temperature requires a 
knowledge of C., (ap/ aT) . , and the function F(v) 
along the Hugoniot curve. The values chosen for C. 
and (ap/aT) . are those measured under standard con­
ditions, and F(v) is calculated from experimental shock 
wave data. 

THE WALSH-CHRISTIAN METHOD OF 
CALCULATING SHOCK 

TEMPERATURES Equations (1) and (4) were used to calculate shock 
temperature with a computer (and the input data given 

The thermodynamics of the Walsh-Christian model in Table I). The equation for a Hugoniot curve used in 
with C. and (ap/ a T). regarded as constants have been the calculations is U.= UlCo+U2Up , where Ul and U2 are 
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TABLE 1. Input data for shock temperature calculations. 

Carbon 
Quantity Units tetrachloride Ref. Nitromethane Ref. Water Ref. 

(iJpjiJT). 107 dyn 1.14 9 1.637! 2c 4.04 h 
cm-2·deg-1 

Sound speed Hr' cm sec-1 0.926c d 1.30 2c 1.48 h 
Specific volume cc g-l 0.631 9 0.884 2c 1.002 h 

atp=O 

Temp. atp=O oK 298 298 293 
and v=v. 

First volume point cc g-l 0.631 0.884 0.819 
on Hugoniota 

Temp. at first oK 298 298 323 
volume point on 
Hugoniot 

Molecular wt gmol-1 153.84 61 18.02 

C. (constan t) cal mol-1• deg-1 21.7 9 17.8 2c 14.07 h 
C. fit:b e g 

B -75 415.8 1. 23375XIQ6 
C -2 109 .31 -9956.86 
D 8.10247 17 .3573 
E -8.64548X10-4 8.09421 X 10-a 

F 1.12516X 1(}7 -2. 24624 X 10- 6 

a Integration starts from the first volume point on the Hugoniot and 
the volume increment is -0.01 cc g-l, 

bC.(T) is given by C. (constant) + (B/T'l) + (C/T) +D+EXT+FXT·. 
c Sound speed calculated from the data in Ref. 9 is 0.922 X 10' em sec-I. 
d Handbook of Chemistry and Physics (Chemical Rubber, Cleveland. Ohio. 

1968-1969). 49th ed .• p. E-38 . 
• JA NAF Thermochemical Tables (Dow Chemical. Midland. Mich .. 

constants, and U., Up, and Co denote shock velocity, 
particle velocity, and sound speed in unshocked 
material.6 Equation (1) was integrated step by step 
with a Runge-Kutta program written by S. P. Gill, and 
the integral in Eq. (4) was evaluated with a program 
based on a trapezoidal approximation written by R Y. 
Lew. As expected, both methods of calculation are found 
to be consistent. Shock temperatures for carbon tetra­
chloride calculated with the Runge-Kutta scheme are 
in excellent agreement with those calculated with the 
trapezoidal method as shown in Table II. In addition, 
shock temperatures calculated for copper by Walsh and 
Christian! and for nitromethane by MaderB are in good 
agreement with our values calculated with the same 
input data and the trapezoidal method. 

However, comparison of calculated shock tempera­
tures of carbon tetrachloride with experimental 
brightness temperatures3.4 (Fig. 1) demonstrates the 
inadequacy of applying the Walsh-Christian method to 
liquids. The poor agreement between the calculated and 
experimental results indicates that the Walsh- Christian 
method gives an upper estimate for shock temperature 
in liquids. Our extension of their method to liquids will 
take into consideration the sensitivjty of calculated 

196! ) . 
! Calculated from (iJp/iJT). =OI.C.cfl./v.C. where 01. is the coefficient of 

expansion. 
• J. P. McCullough. D. W. Scott, R . E. Pennington. 1. A_ HossenJopP. 

and G . Waddington, J. Am. Chem. Soc. 76. 4191 (1954). 
b N. E. Dorsey, Properties of Ordinary Water Substan" (Reinhold, New 

York. 1940). 

shock temperature to choice of the parameters F (v) , 
(aPlaT) ., and C •. But since calculations for carbon 
tetrachloride (Fig. 2) show that the shock temperature 
vs shock pressure relationship is insensitive to changes 
of the order of 10% in the constants in the U. vs Up 

TABLE II. Comparison of shock temperatures for carbon 
tetrachloride calculated from Eq. (4) by trapezoidal evaluation 
of the integral and shock temperatures calculated by a Runge­
Kutta integration of Eq. (1). 

T T 
Eq. (4) Eq. (1) 

P '/I Trapezoidal Runge-Kutta 
(kbar) (cc g-l) (OK) (OK) 

0 0 .631 298 298 
29 0.431 661 662 
49 0.401 980 980 
73 0.381 1401 1402 

113 0.361 2198 2198 
144 0.351 2866 2867 
188 0.341 3857 3857 
253 0 .331 5385 5386 
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relationship, we will assume F(v) is well known and use 
the Hugoniot for liquids3 (UI= 1.2 and U2= 1.7) to 
calculate it. 

DEP ENDE NCE OF CALCULATED SHOCK 
TEMPERATURE ON (ap/ aT). AND C. 

Let T H denote temperature on a Hugoniot curve and 
T. denote temperature on an isentrope. Then Eq. (4) 
relating the temperatures at a volume VI on the Hugoniot 
centered at (Po= 0, Vo, To) and on the isentrope through 
(Po= 0, vo, To) can be written formally as 

Tll(VI, b, C.) = T. (VI, b) 

/

' 1 + (2C,)- 1 [expb(v-Vl) JF(v)dv,~ (5) 
'0 

with T.(VI, b) = To expb(vO-Vl). We will use Eq. (5) to 
determine the qualitative dependence of shock tem­
perature on (ap/ aT) , and C,. Partial differentiation of 
Eq. (5) with respect to (ap/ aT) . and use of the 
identity C.[ab/ a(ap/ aT) .J= 1 leads to the equation 

a (ap/ aT) • 
(6) 

where 

/

' 1 

1= (V-VI) [expb(V-Vl)JF(v)dv. 
'0 

The integral I must be positive since TIl> T. and 
(V-VI) ~o. Thus aTll/ a(ap/ aT) .>O and the slope of 
the TIl vs (ap/ aT). curve is positive. An increase in 
(i)p/ aT). in a Walsh- Christian temperature calculation 
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FIG. 1. Shock temperature for carbon tetrachloride. Compari­
son of calculated values with those obtained experimentally by 
the" brightness" method. The circle was obtained by Ramsay and 
the squares by Voskoboinikov and Bogomolov. The line C. was 
calculated in the present work using the Walsh-Christian method 
(constant C.) . The line MCp was calculated by Mader also using 
the Walsh- Christian method but using Cp for the value of C •. 
The dashed line C.(T) was calculated in the present work using 
C. as a function of temperature. The input data for the calcula­
tions are in Table 1. For constant C. the shock temperature at 
150 kbar agrees with that calculated by Dick.13 
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FIG. 2. Shock temperature for carbon tetrachloride. Sensitivity 
of the calculated temperatures to the form of the Hugoniot. 
ltl, U2= 1.2, 1.7 (Ref. 3); 1.25, 1.7 (this work, arbitrary variation 
of Ul ) ; 1.31, 1.61 (Ref. 7); and 1.199, 1.672. (Recalculated from 
Ref. 13 by R. D. Dick) . The other input data are in Table 1. 

will produce an increase in shock temperature, but a 
decrease in (ap/ aT). will produce a decrease in shock 
temperature. Partial differentiation of Eq. (5) with 
respect to C. and use of the identity ab/ aC.= -b/ C. 
leads to the equation, 

aTH = _ [b a Til + TH- T.] (7) 
ac. a(ap/ aT) . c. . 

Thus aTH/ aC.<o since aTH/ a(ap/ aT) .>O, and the 
slope of the TH vs C. curve is negative. In contrast to the 
former case, an increase in C, will produce a decrease in 
shock temperature in a Walsh- Christian calculation, 
but a decrease in C, will produce an increase in shock 
temperature. 

The equation 

C. (aTu/ aC. ) = 1 
(ap/ aT) .[aTIl/ a(ap/aT) .J 

TIl-T 
+ b[T.(vO-lh)+·I/ 2C.J' (8) 

obtained by rearranging Eq. (7), is convenient for 
making a more quantitative estimate of the dependence 
of shock temperature on (ap/ aT) . and C •. Let t..TI1 (oC.) 
and t.. T H[ 0 (ap / aT) .J denote the change in shock 
temperature produced by a small decrease in C. and a 
small increase in (ap/aT) •. Then if second- and higher­
order terms are neglected, Eq. (8) can be written as 

t..TIl (5C.) = 1+ TH - T. . (9) 
t..TH[5(ap/ aT) .J b[T.(vO-Vl) + I / 2C.J 

The right-hand side of Eq. (9) has been evaluated 
along the Hugoniot curve, and the left-hand side has 
been calculated for a 10% increase in (ap/ aT). and a 
10% decrease in C •. The results of these calculations are 
given in Table III and Fig. 3. At a given shock pressure, 
shock temperature is more sensitive to changes in C. 



558 M. COWPERTHWAITE AND R. SHAW 

TABLE III. Sensitivity of the shock ternp~rature of carbon tetrachloride to the values of C. and (ap/aT) •. -

ATH(oC. ) 

ATH[o (ap/aT) . ] 

p v bT,(vO-Vl) bI/2C. Tn-T, Cale. Obs. 
(kbar) (cc g-l) (deg) (deg) 

0 0.631 0 0 
29 0.431 169 98 
49 0.401 207 150 
73 0 .381 233 208 

113 0 .361 262 274 
144 0.351 277 300 
188 0 .341 292 328 
253 0 .331 308 347 

- Input data used; see Table 1. 

than to changes in (ap/ iJT) 'C ) and this sensitivity 
increases with pressure along the Hugoniot curve. 

THE C.(T) MODEL 

T he assumptions concerning the variations of C. and 
(ap/aT). along the Hugoniot curve, necessary for 
calculating shock temperature with Eq. ( 1), should be 
compatible with the known properties of liquids. For 
example, under normal conditions of atmospheric 
pressure and room temperature C. for carbon tetra­
chloride increases with temperature as does the co­
efficient (ap/ aT) •. 9 Moreover, other properties of 
liquids in the kilobar region are known from the classical 
high-pressure work of Bridgman.lO Of particular interest 
is his investigation of the previously advanced hypoth­
esis that liquids can adequately be described by a van 
der Waals' type (p-v-T) equation of state; namely, that 
(ap/ aT). is a function of volume only, or equivalently, 
that C. is a function of temperature only. The hypoth­
esis was found to hold well at .low and moderate 
pressures, but to break down at high pressures where 
(ap/ aT). was found to decrease with increasing tem­
perature at constant volume. For temperatures below 
4500 K, C. for 18 liquids was found to be insensitive to 
pressure below 100 kbar. 

A logical extension of the Walsh-Christian model for 
calculating shock temperature in initiation studies of 
liquids below 100 kbar would be based on the assump­
tions that (ap/ aT). is a function of volume and that C. 
is a function of temperature. The present work, however, 
assumes that (ap/ aT). is a constant and that C. is a 
function of temperature, i.e., C, (T). These assumptions 
are reasonable since our variational analysis shows C. 
to be a more important parameter than (ap/aT). in 
shock temperature calculations, and also because we 
have a better understanding of the dependence of 
C.(T) on temperature than of (ap/ aT), on volume. 
Specifically, constancy of (ap/ aT). is retained because 

(deg) analytically empirically 

0 ... . .. 
223 1.8 2.4 
515 2.4 3.4 
978 3.2 4.5 

1696 4.1 5.7 
2354 5.1 7.0 
3335 6.4 8.3 
4853 8.4 9.7 

calculated shock temperature is relatively insensitive to 
its variation (Fig. 3), because the increase and sub­
sequent decrease of (ap/aT). with increasing pressure 
will tend to cancel, and because we have little insight as 
to the variation of (ap/ aT) . along the Hugoniot curve. 
On the other hand, the specific heat is assumed to be a 
function of temperature because calculated shock 
temperature is sensitive to C., and because we expect 
C. to increase with increasing pressure along the 
Hugoniot curve as internal molecular vibrations become 
more excited. The dependence of C. (T) on temperature 
is based on the additional assumption that internal 
molecular vibrations are essentially unaffected by the 
forces of interaction among the molecules. This ap­
proximation has also been used by Davies and Mathe­
sonY Then the increase in C.( T) above room tem­
perature is due primarily to the increase in the vibra­
tional heat capacity as the vibrations become more 
classical. The functional dependence of C. ( T) on 
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FlG.3. Shock temperature of carbon tetrachloride. Sensitivity 
of the calculated temperatures to the values used for C. and 
cap/aT) , . The original input data are in Table I. 
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temperature is given by the equation 

C.( T)=C.(298)+~C.O( T), ( 10) 

where C.(298) is the specific heat of the liquid at 
298°K, and ~C.o(T) is the increase in C.(T) from 298 
to TOK as calculated with the Einstein function for a 
molecule considered to be in the ideal gas state. 

The assumptions for (ap/ aT) . and C.(T) together 
wiLh the Hugoniot curve implicitly define the state 
variables in the volume range spanned by the Hugoniot 
curve. Integrating along lines of constant volume from 
the Hugoniot gives the following expressions for tem­
perature and energy, 

T= TH+(aT/ ap).(p-PH), 

e=eH+ I T

,C.( T)dT, 
TH 

where Til is obtained by integrating Eq. (1) with a 
Runge-Kutta technique and eH is given by the Hugoniot 
equation ef[=eo+!p(vo-v) . 

SHOCK TEMPERATURE CALCULATIONS 
WITH C. (T) 

Shock temperatures were calculated for carbon 
tetrachloride, ni tromethane, and water. 

Carbon Tetrachloride 

The shock temperature of carbon tetrachloride was 
calculated using c.( T) and other input data given in 
Table I. The results, shown in Fig. 1, show better 
agreement with the experimental measurements than 
do the temperatures calculated using the const.ant value 
of C •. Although Mader12 obtained better agreement with 
the experimental results above 150 kbar using the 
Walsh- Christian method, he used the value of Cp for 
Co. 

The experimentally observed temperatures start to 
diverge from those calculated using C.(T) at pressures 
above about 150 kbar. This is the region in which Dick13 

observed a break in the p- v Hugoniot and is also the 
region where Mader8 calculated that significant amounts 
of decomposition of CCl4 into C2Cl6 and Cb take place. 

Nitromethane 

The results of the shock temperature calculations 
with both the constant C, and C.(T) models are shown 
in Fig. 4. They are compared with those calculated by 
Enig and Petrone14 using their own equation of state, 
and with the shock temperatures at 86 kbar calculated 
by Campbell, Davis, and Travis15 and Mader.16 

It is of interest to discuss reasons why the tem­
peratures calculated with the C.( T) model are con­
sidered to be more realistic than those calculated with 
the other methods. As mentioned earlier, the constant 
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FIG. 4. Shock temperature for nitromethane. The point M CD T 
was obtained by Mader using the Walsh- Christian method (con­
stant C.) , but using Cp for the value of C •. The point M CDT 
was also obtained by Campbell, Davis, and Travis using the 
" ideal gas equation of state." The line C. was calculated in the 
present work using the Walsh- Christian method, and the line 
C.( T ) was calculated in the present work using C. as a function of 
temperature. The line EP was calculated by Enig and Petrone 
who used another equation of state. The input data for the present 
calculations are in Table 1. 

C. model ignores the excitation of molecular vibrations; 
it thereby underestimates the value of C. along the 
Hugoniot curve, and gives an overestimate of shock 
temperature. Calculation of C. at 298°K with the 
Enig- Petrone equation of state gives a value of 0.24 
cal g-1·deg-1 which differs significantly from the 
literature value2 of 0.29 cal g-1·deg-1. Moreover, it has 
been pointed ou t by J acobs17 that their equation of state 
predicts high values for C. at higher temperatures. For 
example, at 2000oK, Co is increasing rapidly and has 
already attained a value of 2 cal g-1 ·deg-1 which greatly 
exceeds the classical maximum of """0.7 cal g-l. deg-1 

given by the generalized Dulong and Petit expression 
3nR/ M for a solid of molecular weight M containing n 
atoms per molecule. Campbell, Davis, and Travis have 
calculated a shock temperature of 11400 K at 86 kbar 
using the expression T=300+~e/C., where ~e is given 
by the Hugoniot equation. However, the calculation 
ignores the forces of interaction between the molecules 
and uses the value of Cp for C •. It should be noted that 
use of the value of C. in the calculation gives a value of 
1450oK. Mader calculated a value of 1168°K at 86 kbar 
using the Walsh- Christian method with a constant C •. 
The agreement with the value calculated by Campbell, 
Davis, and Travis can be explained by the fact that the 
value of Cp and a high value of (ap/ aT). were used in 
the calculation.2b 

Water 

The results of calculations using the Walsh- Christian 
method are shown in Fig. 5. The results are compared 
with those calculated by Rice and Walsh who assumed 
Cp to be constant and cp/ (av/ aT)p to be a function of 
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FIG. 5. Shock temperature for water. Comparison of the con­
stant C. model with the Rice-Walsh constant Cp model. The 
shock temperatures' .calculated using the constant C. model are 
not sensitive to the form of the Hugoniot. Ul , 1~= 1.28, 1.58 
(personal communication from R. W. Woolfolk) ; 1.2, 1.7 (Ref. 
3). The other input data are in Table 1. 

pressure only. From the analysis of the dependence of 
calculated shock temperature on (ap/ aT) . and C., we 
conclude that the shock temperature will be very 
sensitive to the value chosen for C.. The observed 
difference between the present results and those ob­
tained by Rice and Walsh is therefore regarded as not 
significant. 

The inapplicability of the C.( T) model to water at 
low pressures is yet another example of water being an 
anomalous liquid. Specifically, the model is not valid 
since the value of C. has its classical value at atmos­
pheric pressure and temperatures where the O- H 
vibrations are not fully excited. It is for this reason that 
shock temperatures calculated by DuvalP8 using Eq. 
(1), the C. model and standard conditions for the lower 
limits of integration are lower than those calculated by 
Walsh and Rice.19 A similar calculation with the 
C. ( T) model would give even lower values of shock 
temperature. Similarly to Rice and Walsh, the integra­
tion of Eq. (1) is started from a point on the Hugoniot 
above atmospheric pressure. As shown in Table I, the 
point selected was (pH= 10 kbar, v= 0.819 cc g-I, 
TH =323°K). 

CONCLUSIONS 

When compared with the Walsh- Christian method, 
the present method for calculating shock temperatures 
takes better account of the properties of liquids and the 
greater dependence of shock temperature on C. than on 
(ap / aT) •. It is therefore considered to be an improve­
ment on the Walsh- Christian method and will yield 
more realistic values of shock temperature in liquid 

explosives. This conclusion is substantiated by the im­
proved agreement between the calculated and experi­
mental temperatures for carbon tetrachloride, but 
account must be taken of the inapplicability of the 
model to water in the low pressure region. Thus the 
C. (T) model is expected to be better for nonassociated 
liquids than associated liquids. An improvement of the 
present model must include the variation of (ap/aT). 
and a better method for calculating the variation of C. 
for associated liquids. 
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